We give a complete enumeration of all 2-neighborly d-polytopes with d + 9 and less facets. All of them are realized as 0/1-polytopes, except a 6-polytope P6,10,15 with 10 vertices and 15 facets, and pyramids over P6,10,15. In particular, we update the lower bounds for the number of facets of a 2-neighborly d-polytope P and showed that the number of facets of P is not less than the number of its vertices f0(P ) for f0(P ) ≤ d + 10.
Introduction
Throughout the paper, we consider d-dimensional convex polytopes and call them d-polytopes. The basic properties of convex polytopes and some notions used below, can be seen in [5] . A dpolytope P is 2-neighborly, if any two of its vertices form an edge (1-face) of P . In particular, simplices are examples of 2-neighborly polytopes. It is well known, that there are no other examples in dimension 3, but already in dimension 4, there are infinitely many combinatorial types of 2-neighborly polytopes. In the following, we consider only 2-neighborly d-polytopes for d ≥ 4. Since every face of a 2-neighborly polytope P is 2-neighborly, then P is 3-simplicial (every 3-face is a simplex). In [7] , it was conjectured that the number of facets of a 2-neighborly dpolytope P is not less than the number of vertices: fct(P ) ≥ vrt(P ). The conjecture was proved for the cases d ≤ 6 and vrt(P ) ≤ d + 5.
We enumerate all combinatorial types of 2-neighborly d-polytopes with at most d + 9 facets. They are 11 polytopes, listed in Fig. 1 , and k-fold pyramids over them, k ∈ N. All of them, except
The study was carried out as part of an internship program for employees of Russian educational and scientific organizations at the Higher School of Economics. (0, 0, 0, 0), (0, 0, 0, 1), (0, 0, 1, 0), (0, 1, 0, 0), (1, 0, 0, 1), (1, 1, 1, 0).
(a) P 4, 6, 9 (0, 0, 0, 0, 0), (0, 0, 0, 0, 1), (0, 0, 0, 1, 0), (0, 0, 1, 0, 0), (0, 1, 0, 0, 0), (1, 0, 0, 0, 1), (1, 1, 1, 1, 0).
(b) P 5, 7, 12 (0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 1), (0, 0, 0, 0, 1, 0), (0, 0, 0, 1, 0, 0), (0, 0, 1, 0, 0, 0), (0, 1, 0, 0, 0, 0), (1, 0, 0, 0, 0, 1), (1, 1, 1, 1, 1, 0). P 6, 10, 15 , are realized as 0/1-polytopes (see Fig. 2 , 4, and 7). P 6,10,15 is realized as a {−1, 0, 1}polytope (see Fig. 7b ). The polytope P 7,14,16 was first described in [8] , all other (except P 6,10,15 ) in [1] . Consequently, the conjecture fct(P ) ≥ vrt(P ) is true for any 2-neighborly d-polytope P with at most d + 10 vertices. Also, our result means that we know values of the function µ(d, n) = min{fct(P ) | P is a 2-neighborly d-polytope with n vertices} for n ∈ {d + 1, d + 2, d + 3, d + 4, d + 7}, and µ(d, n) ≥ d + 10 for n ≥ d + 5, n = d + 7.
In Section 2, we consider the case vrt(P ) ≤ d + 3, by using Gale diagrams. In Section 3, we investigate properties of facet-vertex incidence matrices of 2-neighborly polytopes and describe an algorithm for enumerating such matrices with small numbers of rows and columns. In Section 4, with help of the computer program, we prove that there are no 2-neighborly d-polytopes with at least d + 4 vertices and at most d + 9 facets, except P 6,10,14 , P 6,10,15 , P 7,14,16 , and k-fold pyramids over them. The computer program and the descriptions of polytopes are available at https://github.com/maksimenko-a-n/2neighborly-inc-matrices.
d-Polytopes with at most d + 3 vertices
It is well known [5, Sec. 6.3] that the combinatorial type of a d-polytope P with d + 2 vertices can be coded by a Gale diagram (m 0 ,
The number of facets is equal to m 0 + m −1 m 1 . Hence, the inequality fct(P ) ≤ d + 9 is equivalent to m 0 + m −1 m 1 ≤ m 0 + m 1 + m −1 + 7. Thus, pair {m −1 , m 1 } must be one of the following types: {3, 3}, {3, 4}, {3, 5}. For m 0 = 0, these three types can be represented by 0/1-polytopes (see Fig 2) . A polytope with m 0 > 0 is an m 0 -fold pyramid over a polytope with m 0 = 0. Therefore, every Gale diagram of types (m 0 , {3, 3}), (m 0 , {3, 4}), (m 0 , {3, 5}) can be represented by a 0/1-polytope.
The combinatorial type of a d-polytope with d+3 vertices is defined by the appropriate reduced Gale diagram or wheel-sequence (see [5, Sec. 6.3] and [4] ). It is a set of points, placed at the center C and vertices of a regular 2n-gon, n ≥ 2. We enumearte the vertices from 0 to 2n − 1 going clockwise (it does not matter what vertex is first). The vertices and the center C have nonnegative integer labels (multiplicities) m 0 , m 1 , . . . , m 2n−1 , and m(C). In the following we assume
In particular, m i+2n def = m i−2n def = m i . A pair of opposite labels m i and m i+n , i ∈ [n], is called a diameter. The labels of a reduced Gale diagram have the following properties [4] : (1) m(C) + m 0 + · · · + m 2n−1 = d + 3. (The sum of all labels equals the number of vertices of a d-polytope.)
(The sum of labels in any open half-plane is not less than 2.) Two reduced Gale diagrams are combinatorially equivalent if one can be obtained from the other by a rotation or by a reflection.
A subset S of these d + 3 points (take into account the multiplicities) is called a cofacet if it is one of three types: a) the center C itself, b) two opposite vertices i and i + n of the 2n-gon, c) three vertices {i, j, k} that form a triangle with C in its interior. Proof. Let m i > 0 and
where n is the number of diameters of a diagram. We have to show that there are at least 3 cofacets with a point at the vertex i of the 2n-gon. Let us consider three types of cofacets (see Fig. 3 ):
(1) {i, i + n} (there are exactly m i+n such cofacets for the given point);
(2) {i, j min , k} for i + n < k < j min + n (there are at least j min +n−1 s=i+n+1 m s such cofacets); (3) {i, j max , k} for j min + n ≤ k < j max + n (there are at least jmax+n−1 s=j min +n m s of them). Obviously, these three sets of cofacets are pairwise distinct and the number of all of them is not less than jmax+n−1 s=i+n m s = jmax+n−1 s=jmax+1 m s . But the last sum cann't be less than 3 by the property N.
(0, 0, 0, 0, 0), (0, 0, 0, 0, 1), (0, 0, 0, 1, 0), (0, 0, 1, 0, 0), (0, 1, 0, 0, 1), (0, 1, 1, 1, 0), (1, 0, 0, 1, 0), (1, 0, 1, 0, 1).
(a) P 5, 8, 12 (0, 0, 0, 0, 0), (0, 0, 0, 0, 1), (0, 0, 0, 1, 0), (0, 0, 1, 0, 1), (0, 1, 0, 1, 1), (0, 1, 1, 0, 0), (1, 0, 0, 1, 1), (1, 1, 0, 0, 0).
(b) P 5, 8, 14 (0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 1), (0, 0, 0, 0, 1, 0), (0, 0, 0, 1, 0, 0), (0, 0, 1, 0, 0, 0), (0, 1, 0, 0, 0, 0), (1, 0, 0, 0, 0, 1), (1, 0, 0, 1, 1, 0), (1, 1, 1, 0, 0, 0).
(c) P 6, 9, 15 (0, 0, 0, 0, 0, 0, 0, 0, 0), (0, 0, 0, 1, 0, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0, 0, 0, 0), (1, 0, 0, 1, 0, 0, 0, 0, 0), (1, 1, 1, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 1, 0, 0, 0, 0), (0, 0, 0, 0, 1, 0, 0, 0, 1), (0, 0, 0, 0, 1, 0, 0, 1, 0), (0, 0, 0, 0, 1, 0, 1, 0, 0), (0, 0, 0, 0, 1, 1, 0, 0, 1), (0, 0, 0, 0, 1, 1, 1, 1, 0). Thus, if we are interested in considering only diagrams with a small (w.r.t. dimension) number of cofacets, then it is sufficient to find the minimal (by inclusion) diagrams. Evidently, minimal 2-neighborly diagrams have the following properties:
It is easy to enumerate all such diagrams by a computer. There are 4 such diagrams (we give vectors (m 0 , . . . , m 2n−1 )):
(1) (3, 3, 3, 3) encodes a 9-polytope P 9,12,18 with 12 vertices and 18 facets.
(2) (1, 2, 1, 2, 1, 2) encodes a 6-polytope P 6,9,15 with 9 vertices and 15 facets.
(3) (1, 1, 1, 1, 1, 1, 1, 1) encodes a 5-polytope P 5,8,12 with 8 vertices and 12 facets. (4) (0, 1, 1, 1, 0, 1, 1, 1, 1, 1) encodes a 5-polytope P 5,8,14 with 8 vertices and 14 facets. For the first, second and forth ones, we have "facets = d + 9". From Lemma 2 we know, that adding a point to such a diagram increases the number of (co)facets at least by 3. Hence, some new nonminimal diagrams with "facets ≤ d + 9" could be obtained only by adding points to the third diagram. It is easy to verify, that adding a point to the third diagram increases the number of (co)facets at least by 4. Therefore, we listed all combinatorial types of 2-neighborly d-polytopes with d + 3 vertices and at most d + 9 facets. Surely, we have to add k-fold pyramids, k ∈ N, over them to this list.
It is interesting to remark, that all these polytopes can be realized as 0/1-polytopes (see Fig. 4 ).
Incidence matrices of 2-neighborly polytopes
Let P be a d-polytope with n vertices {v 1 , . . . , v n } and k facets {F 1 , . . . , F k }. A facet-vertex incidence matrix of P is a matrix M ∈ {0, 1} k×n with M ij = 1 for v j ∈ F i and M ij = 0 otherwise. In the following, we say that 0/1-row (column) x is a subset of a 0/1-row (column) y if the set of 1's in x is a subset of the set of 1's in y.
A facet-vertex incidence matrix M of P contains all information about the combinatorial structure of P . In particular, a facet-vertex incidence matrix of a i-th facet of P can be extracted from M by a 2-stage process (see Algorithm 1). Firstly, we have to remove from M the columns Algorithm 1: The extraction of the incidence matrix of a facet from the given 0/1-matrix Input : matrix and a row number i Output: the matrix A extracted from the i-th row of matrix
Function get_facet(matrix, i)
A is an empty matrix; for every column c in matrix do if c[i] = 1 then append c to A; end for every row r in A do if r is a subset of another row in A then remove r from A;
A facet-vertex incidence matrix M of a polytope P and an incidence matrix of its facet F k with 0's in the i-th row. Finally, we remove from M every row that is a subset of some other row. I.e., an incidence matrix of a facet of P is a submatrix (up to a permutation of rows and columns) of an incidence matrix of P (see, e.g., Fig. 5 ). 2-Neighborlyness of a polytope P means that the intersection of any two columns of a matrix M is not a subset of any other column. In the following, if a matrix has this property, we call it 2-neighborly. Let us list some obvious properties of an incidence matrix M of a d-polytope:
(1) Every row and every column of M has at least d 1's.
(2) Any row is not a subset of another row. The same is true for columns.
Thus, if we are looking for a polytope with a given number of vertices, facets, and some other combinatorial properties, then we can try to enumerate all 0/1-matrices with these properties. It is known, that a 2-neighborly 4-polytope with v vertices has exactly v(v −3)/2 facets. Hence, there are only two combinatorial types of such polytopes satisfying the restriction "facets ≤ d+9": the simplex P 4,5,5 and the polytope P 4,6,9 . Suppose, we want to list all combinatorial types of 2-neighborly 5-polytopes with facets ≤ d + 9. Then, all facets of such a polytope P must be combinatorially equivalent to P 4,5,5 or P 4,6,9 (otherwise, the number of facets of P will be greater than 14). For example, we want to find such a polytope P with 7 vertices and 10 facets. So, we can start from the matrix on Fig. 5 , where n = 7, k = 10, and an incident matrix of F k is a matrix for P 4,5,5 or P 4,6,9 . Replacing the stars with zeros and ones, and checking the listed above properties of the matrix, we will finally find all suitable combinatorial types. Of course, there may be present nonrealizable types, but we have not found such examples in our experiments.
For enumerating all 0/1-matrices with these properties by a computer, we use Algorithms 1-3. The input of the algorithm is: a list Flist of incidence matrices of feasible facets (2-neighborly Algorithm 2: The enumeration of facet-vertex incidence matrices with a given facet Input : a list of incidence matrices of facets Flist, a matrix F from Flist, a dimension dim, a number of vertices (columns) vrt, a number of facets (rows) fct, and a minimal number of facets incident to a vertex minfv Output: the list Plist of incidence matrices of 2-neighborly dim-polytopes with vrt vertices and fct facets (one of the facets is F)
for every multisubset S of size m from feas_rows do M ′ := M ; append the rows from S to M ′ ; append the row (1, . . . , 1) to M ′ ; if the number of 1's in a column in M ′ less than minfv then // the subset S is not suitable continue; end feas_cols := gen_feasible_columns(M ′ , minfv); isF = (0, . . . , 0, 1) T ; add_vertex(M ′ , vrt − vrt(F), feas_cols, Flist, Plist, isF); end canonize matrices in Plist; sort Plist and remove duplicates; return Plist; end Function gen_feasible_rows(matrix, m)
Return the set of 0/1-rows of the length cols(matrix) with the properties; a) the number of 1's is not less than m; b) a row must be a proper subset of some row in matrix; end Function gen_feasible_columns(matrix, m)
Return the set of 0/1-columns of length rows(matrix) with the properties; a) the last entry is 0; b) the number of 1's is not less than m; c) matrix with the column is 2-neighborly; end (d − 1)-polytopes), a matrix from the list (a must-have facet), a dimension d, a number of vertices, a number of facets, and a minimal number of 1's in a column of a resulting matrix (for a 2-neighborly polytope P , this number is equal to d only if P is a simplex). The output is a list of incidence matrices of 2-neighborly d-polytopes with these properties. In the realization of the algorithm, we use some additional optimizations. For example, the checking if a given matrix A is in the list Flist is computationally expensive, since we have to compare matrices modulo a permutation of rows and columns. It may be done by computing the canonical form of a rowcolumn digraph of a matrix by using bliss [6] . But we have found the faster method. For every M ∈ Flist, we make a preprocessing: for every permutation of columns in M we lexicographically sort rows and keep all these matrices in the set Flist (without duplicates). When we need to check A ∈ Flist, it is sufficient to sort rows of A and check A ∈ Flist by a binary search. Our experiments show that this works ten times faster than bliss. The computer program is available at https://github.com/maksimenko-a-n/2neighborly-inc-matrices.
The results of using this program are described in the next section. Proof. The lemma is a consequence of the following statement. If P is a 2-simplicial d-polytope with at most d + 3 facets, then it is a d-simplex or a (d − 3)-fold pyramid over a triangular bipyramid. We prove it by induction on d.
It is easy to check, that there are only two 2-simplicial 3-polytopes with at most 6 facets: a tetrahedron and a triangular bipyramid B. Hence, for d = 3 the statement is true. It is also easy to check for d = 4. Suppose now, that the statement is true for d = k ≥ 4. Consider a 2-simplicial (k + 1)-polytope P with at most k + 4 facets. Every its facet have to be a 2simplicial k-polytope with at most k + 3 facets. By the induction hypothesis, there are only two such polytopes: a k-simplex and a (k − 3)-fold pyramid over B. If P has no a facet that is a (k − 3)-fold pyramid over B, then P is a (k + 1)-simplex or P is simplicial and has at least 2k + 2 > k + 4 facets, by the lower bound theorem [2] . Else, if a (k − 3)-fold pyramid over B is a facet F of P , then P is a pyramid over F or every vertex of P is not incident with at least two facets. In the last case, we can consider an apex of F (since F is a pyramid). It is incident with k + 3 facets of P and is not incident with at least two. Hence, the number of facets of P is at least k + 5.
Corollary 5. Every vertex of a 2-neighborly d-polytope with at least d + 3 vertices is incident with at least d + 3 facets.
4-and 5-Polytopes with at most 14 facets.
There are only three combinatorial types of 2-neighborly 4-polytopes with at most 14 facets: 4-simplex, a polytope P 4,6,9 , and a cyclic polytope P 4,7,14 with 7 vertices and 14 facets.
All combinatorial types of 5-polytopes with at most 9 vertices enumerated by Fukuda, Miyata, Moriyama [3] . There are no 2-neighborly polytopes with at most 14 facets, except the ones listed in Section 2: a simplex, a pyramid over P 4,6,9 , a simplicial polytope P 5,7,12 , P 5,8,12 , and P 5, 8, 14 .
If a 2-neighborly 5-polytope P has at most 14 facets, then it has only two combinatorial types of facets: a 4-simplex and a polytope P 4,6,9 . (Every facet of P must be 2-neighborly 4-polytope with at most 13 facets.) Suppose, that P has at least 10 vertices. By Lemma 3, every its vertex figure is a 2-simplicial 4-polytope Q with at least 9 vertices. It is easy to prove, that Q has at least 9 facets. Hence, every vertex of P is incident with at least 9 facets. Then P has at least 10 · 9/6 = 15 facets. 4.3. 6-Polytopes with at most 15 facets. Now, let P be a 2-neighborly 6-polytope with at least 10 vertices and at most 15 facets. Hence, every facet of P is combinatorially equivalent to one of five polytopes: a simplex P 5,6,6 , a pyramid over P 4,6,9 , a simplicial polytope P 5,7,12 , P 5,8,12 , and P 5,8,14 (see Figures 2 and 4) . First of all, we investigate properties of vertex figures of P . We have analyzed the database of 5-polytopes with at most 9 vertices [3] and have found the following:
(1) All 2-simplicial 5-polytopes with 9 vertices have at least 9 facets. Only one polytope has exactly 9 facets and it is 2-simple. Its facet-vertex incidence matrix is shown in Fig. 6 . All such polytopes with 9 or 10 facets have at least one facet with 7 vertices. (2) There are no 2-simplicial 5-polytope with at most 9 facets and at least 10 vertices. (To establish this, we searched for 2-simple polytopes with at most 9 vertices.) The first statement means that if a 2-neighborly 6-polytope P has exactly 10 vertices and every its facet has at most 7 vertices, then every its vertex figure has at least 11 facets. Thus, the number of facets of P cann't be less than ⌈10 · 11/7⌉ = 16. From the second statement, one can 0 0 1 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 1 0 0 1 1 1 0 1 1 1 1 1 0 0 1 1 1 0 1 1 1 0 1 0 1 1 1 1 0 1 1 0 0 0 1 0 1 1 0 0 1 1 0 1 1 0 0 1 1 0 1 1 0 0 1 0 1 1 1 0 Figure 6 . The facet-vertex incidence matrix of a 2-simplicial 5-polytope with 9 vertices and 9 facets (0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 1), (0, 0, 0, 0, 1, 0), (0, 0, 0, 1, 0, 0), (0, 0, 1, 0, 0, 0), (0, 1, 0, 0, 0, 0), (1, 0, 0, 0, 1, 1), (1, 0, 1, 1, 0, 0), (1, 1, 0, 1, 0, 1), (1, 1, 1, 0, 1, 0) . ( 1, 1, 1, 1, 1, 0) , (1, 1, 1, 1, -1, 0) , (1, 1, 1, -1, 1, 0), (1, 1, -1, 1, 1, 0), (1, -1, 1, 1, -1, 0), (1, -1, -1, -1, 1, 0), (-1, 1, 1, -1, 1, 0), (-1, 1, -1, 1, -1, 0) , (0, 0, 1, 1, 0, 1), (0, 0, -1, 0, 1, 1).
(b) P 6,10,15 (0, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 0, 1), (0, 0, 0, 0, 0, 1, 0), (0, 0, 0, 0, 1, 0, 0), (0, 0, 0, 1, 0, 0, 0), (0, 0, 1, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0, 0), (1, 0, 0, 0, 0, 1, 1), (1, 0, 0, 1, 1, 0, 0), (1, 0, 1, 0, 1, 0, 1), (1, 0, 1, 1, 0, 1, 0), (1, 1, 0, 0, 1, 1, 0), (1, 1, 0, 1, 0, 0, 1), (1, 1, 1, 0, 0, 0, 0). deduce the same lower bound for a polytope P with more than 10 vertices. Hence, a 2-neighborly 6-polytope P with at least 10 vertices and at most 15 facets must have at least one facet with 8 vertices. There are only two types of such facets: P 5,8,12 and P 5, 8, 14 .
The fact that "there are no 2-simplicial 5-polytope with at most 9 facets and at least 10 vertices" means that if a 2-neighborly 6-polytope P has at least 11 vertices, then every its vertex is incident to at least 10 facets. Thus, for polytopes with at least 13 vertices, the number of facets cann't be less than ⌈13 · 10/8⌉ = 17. The cases, when P has 10-12 vertices and at most 15 facets (and at least one of facets is P 5,8,12 or P 5,8,14 ), we check with the computer program described in the previous section. There are only two combinatorial types with these properties: P 6,10,14 can be realized as a 0/1-polytope and P 6,10,15 cann't be realized as a 0/1-polytope (see Fig. 7 ).
Thus, there are exactly 9 combinatorial types of 2-neighborly 6-polytopes with at most 15 facets: a simplex P 6,7,7 , a 2-fold pyramid over P 4,6,9 , a pyramid over P 5,7,12 , a simplicial polytope P 6,8,15 , a pyramid over P 5, 8, 12 , a pyramid over P 5, 8, 14 , P 6,9,15 , P 6,10,14 , P 6,10,15 . 4.4. 7-Polytopes with at most 16 facets. In section 2, there are listed all combinatorial types of 2-neighborly d-polytopes with at most d+3 vertices and d+9 facets. In this section we suppose that a 2-neighborly 7-polytope P has at least 11 vertices and at most 16 facets. At first, we show that P has a facet with at least 9 vertices. Lemma 6. If P is a 2-neighborly d-polytope wiht at least d + 4 vertices and every its facet has at most d + 1 vertices, then P has at least 2d + 3 facets.
Proof. If P is simplicial, then fct(P ) ≥ (d − 1)(vrt(P ) − d) + 2 ≥ 4d − 2, by the lower bound theorem [2] . Suppose, P has a facet Q with d + 1 vertices. Hence, fct(Q) ≥ d + 4. Moreover, there are three vertices x, y, z ∈ P \ Q, that are separated from the other vertices of P . Thus, conv{x, y, z} ∩ conv(vrt P \ {x, y, z}) = ∅.
Let A be an affine hull of {x, y, z}. Thus, dim A = 2 and A ∩ P = conv{x, y, z}, since every pair of vertices of P form a 1-face of P . Therefore, T = conv{x, y, z} is a 2-face of P . Hence, there are at least d − 2 facets of P that contains T . Every such a facet F has ≤ d + 1 vertices, and three of them are x, y, z. Consequently, F does not have a common ridge ((d − 2)-face) with Q. Therefore, fct(P ) ≥ fct(Q) + 1 + d − 2 ≥ 2d + 3.
In the following, we consider only d-polytopes that have at least one facet with d + 2 vertices.
Lemma 7. If P is a 2-neighborly d-polytope and P is not a pyramid, then for every vertex v there are at least 3 facets that is not incident to v.
Proof. Let P has n vertices and k facets. P is not a pyramid. Hence, every facet of P is incident to at most n − 2 vertices and every vertex is incident to at most k − 2 facets. Suppose, a vertex v is not incident to exactly two facets F 1 and F 2 . Since F 1 and F 2 has at most n − 2 vertices, then there are vertices w 1 and w 2 such that
If w 1 = w 2 , then for every facet F of P we have w 1 ∈ F ⇒ v ∈ F , and w 1 is not a vertex. Thus, w 1 = w 2 , and for every facet F of P we have w 1 , w 2 ∈ F ⇒ v ∈ F . Therefore, vertices w 1 and w 2 do not form an edge of P , and P is not 2-neighborly.
Corollary 8. Let Q be a pyramid and a 2-neighborly (d − 1)-polytope with k facets. If P is a 2-neighborly d-polytope and Q is a facet of P , then P is a pyramid or P has at least k + 3 facets.
From the corollary, one can conclude, that if a 2-neighborly 7-polytope P with at most 16 facets has a pyramid over P 5, 8, 14 as a facet, then P is a 2-fold pyramid over P 5, 8, 14 .
Suppose now, that P is not a pyramid and P has no facets with 9 or more vertices, except a pyramid over P 5, 8, 12 . Then, its incidence matrix looks like in Fig. 8 (remember, that an incidence matrix of a non-pyramid has at least 3 zeroes in every column). The vertices v 1 -v 8 and facets F 1 -F 12 form an incidence matrix of P 5, 8, 12 . Every row of the matrix must have at most nine 1's. A row F 13 is not a subset of F 14 . Hence, exactly one of the stars in the row F 13 is equal to 1. Without loss of generality, v 10 ∈ F 13 , v i / ∈ F 13 , i > 10. Thus, the intersection of F 13 and F 14 is a P 5,8,12 . Consequently, F 13 is a pyramid with base P 5, 8, 12 and apex v 10 . Then, v 10 is incident with all facets except F 14 -F 16 . Hence, the intersection of columns v 10 and v n is a subset of v 9 . Therefore, P is not 2-neighborly. Summarizing these arguments, one can come to the following conclusion.
Proposition 9. Let Q be a k-fold pyramid over P 5, 8, 12 , k ∈ N. Let P be a 2-neighborly (k + 6)polytope with at most k + 15 facets, and P has no facets with k + 8 or more vertices, except combinatorially equivalent to Q. Then P is a pyramid over Q.
So, we need to check if there are 2-neighborly 7-polytopes P with at most 16 facets and at least one facet of type P 6, 9, 15 (not a pyramid over P 5, 8, 14 ), P 6,10,14 , or P 6,10,15 .
Suppose, a 2-neighborly 7-polytope P has 16 facets, one of facets is P 6, 9, 15 and P has no facets with 10 or more vertices. An incidence matrix M of P has an incidence matrix of P 6, 9, 15 Figure 8 . An incidence matrix of a 7-polytope P , one of whose facets is a pyramid over P 5, 8, 12 submatrix. Every row in M has at most 9 ones. Totally, M has at most 16 · 9 = 144 ones. The first 9 columns in M has 96 + 9 = 105 ones (from a matrix of P 6, 9, 15 and from the last row of M ). Every other column has at least 10 ones. (By Corollary 5, every vertex of P is incident with at least 10 facets.) Therefore, M has at most ⌊(144 − 105)/10⌋ = 3 additional columns. By the computer program, we enumerate all such matrices and have found that only a pyramid over P 6, 9, 15 can be a 2-neighborly 7-polytope with such properties.
The same we do for 7-polytopes with facets P 6,10,14 and P 6,10,15 . Except pyramids, we have found only one 2-neighborly 7-polytope with at most 16 facets. It has 14 vertices and can be realized as a 0/1-polytope (see Fig. 7c ).
Therefore, there are 10 combinatorial types of 2-neighborly 7-polytopes with at most 16 facets: nine pyramids over 2-neighborly 6-polytopes and a polytope P 7,14,16 . 4.5. d-Polytopes with at most d+9 facets for d > 7. In this section, we consider only 2-neighborly d-polytopes with at least d + 4 vertices and at most d + 9 facets. From Lemma 6, we know, that such polytopes have a facet with at least d + 2 vertices. From Corollary 8, if such a polytope P has at least one facet, combinatorially equivalent to k-fold pyramids over P 5, 8, 14 , P 6,9,15 , P 6,10,14 , or P 6,10,15 , then P is a pyramid. From Proposition 9, if P has no facets with at most d + 2 vertices and all facets with exactly d + 2 vertices combinatorially equivalent to a k-fold pyramid over P 5, 8, 12 , then P is a (k + 1)-fold pyramid over P 5, 8, 12 .
There are only two unconsidered cases left: 8-polytopes with P 7,14,16 as a facet and 10-polytopes with P 9,12,18 as a facet.
Suppose, a 2-neighborly 8-polytope P has at most 17 facets, and one of facets is combinatorially equivalent to P 7, 14, 16 . Hence, all other 16 facets of P have a common 6-faces with P 7,14,16 . Two 6-faces of P 7,14,16 a simplices, and 14 are combinatorially equivalent to P 6,10,14 . We already now, that only two 2-neighborly 7-polytopes with at most 16 facets has P 6,10,14 as a facet: P 7,14,16 and a pyramid over P 6,10,14 . We already know, that if the pyramid over P 6,10,14 is a facet of P , then P is a pyramid (over P 7, 14, 16 . . . 0 1 1 1 1 0 1 1 1 1 1 1 0 0 1 1 0 0 1 0 0 1 1 1 1 1 1 1 1 0 1 0 1 0 1 0 1 1 1 0 0 1 1 1 1 1 0 1 1 0 0 1 1 0 F 6 0 0 1 0 1 1 1 1 1 0 1 1 1 1 1 1 1 1 . . . 0 1 0 1 0 1 1 1 0 1 1 1 1 1 1 1 1 1 1 0 1 1 0 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 0 0 1 0 0 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 0 0 1 1 0 1 1 1 0 1 1 1 1 1 1 0 0 0 1 1 1 1 0 1 1 1 0 1 1 0 1 1 1 1 1 0 1 0 1 0 1 1 1 0 1 1 1 1 0 1 1 1 0 1 0 1 1 0 1 1 1 0 1 1 1 1 1 0 1 1 0 1 1 0 0 1 1 1 0 1 1 1 1 1 1 1 0 1 1 0 0 1 0 1 1 1 0 1 1 1 ⋆ . . . ⋆ F 16 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 0 . . . 0 F 17 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 . . . 0 Figure 10 . An incidence matrix of an 8-polytope P , one of whose facets is P 7,14,16 additional vertices w.r.t. P 6, 10, 14 ). An incidence matrix of P is shown on Fig. 9 . An incidence matrix of P 7,14,16 occupies rows F 1 -F 16 and columns v 1 -v 14 . Without loss of generality, we suppose that v 11 , . . . , v 14 / ∈ F 16 and v 15 , . . . , v 18 ∈ F 16 . Hence, if we remove from the matrix columns v 11 , . . . , v 14 , v 19 , . . . , v n , and the row F 16 , then we get a matrix equivalent to an incidence matrix of P 7,14,16 (up to permutations of columns and rows). By the computer program, we enumerate all the variants and have found only one (up to permutations of the last 4 columns). The values in columns v 15 -v 18 coincides with values in columns v 11 -v 14 , except the values in rows F 16 and F 17 . The result is shown on Fig. 10 . Every of rows F 6 -F 9 has exactly 14 ones. Hence, we can extract from them incidence matrices for P 7, 14, 16 . It is easy to check, that the facet F 6 has 14 vertices and 15 facets (after removing 4 columns with zeroes, the row F 2 will be a subset of F 10 ). So, it cann't be P 7, 14, 16 . We get a contradiction. There are only one 2-neighborly 8-polytope with at most 17 facets and a facet P 7,14,16 . It is a pyramid over P 7, 14, 16 .
Suppose, a 2-neighborly 10-polytope P has at most 19 facets, and one of facets is combinatorially equivalent to P 9,12,18 . We does not consider the case, when P is a pyramid. Hence, P has no a facet with 13 or more vertices. Thus, every row in an incidence matrix of P has at most 12 ones. By Corollary 5, every column in an incidence matrix of P has at least 13 ones. Since every row in an incidence matrix of P 9,12,18 has exactly 10 ones, then P has at most 14 vertices. By our program, we enumearte all such matrices and found only one suitable a pyramid over P 9,12,18 .
